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n the pharmaceutical industry, bulk product characteris-
tics are routinely tested to determine whether the product
meets in-house quality assurance specifications. Raw or
processed materials are frequently stored in drums or con-

tainers. In these instances, one must know how to choose a rep-
resentative sample that exhibits characteristics similar to those
processed by the population as a whole. The common method
in statistical practices is choosing a simple random sample from
the population.

A simple method for choosing a sample size from a popula-
tion is through what quality engineers refer to as the square root
of N plus one sampling rule. This rule is apparently not statis-
tically motivated nor is it mentioned by sampling theorists,
practitioners, or reviewers of the field (1–3). Izenman provides
a good summary of the origin of this rule (4). According to that
article, this rule apparently originated in the 1920s from a need
to provide agricultural regulatory inspectors with a convenient,
memorizable rule for sample-size determination. In 1925 the
Association of Official Agricultural Chemists (AOAC) set up a
committee to study all aspects of the sampling problem for agri-
cultural research as well as for regulatory activities. This rule
was adopted formally and documented in an unpublished re-
port by the AOAC committee in 1927 (5) for sampling of cer-
tain classes of foods. A companion article by Paul (6) also rec-
ommended the square-root rule for the sampling of bulk or
powder drugs in small packages. However, Runkel (7) and
Munch and Bidwell (8) warned that the rule had not been based
on any theoretical significance. Their warning was basically ig-
nored, and in the next 40 years, AOAC’s square-root rule oper-
ated as the standard for sampling such agricultural lots as wheat
flour, feeding stuffs, boxed dried fruit, and sacked cacao nibs.
In 1967 and 1971 two articles, Quackenbush and Rund (9) and
a December report by the Salmonella Committee of the Na-
tional Research Council (10) reiterated that the rule did not
have any statistical motivation and referred to it as the “com-
monly used rule-of-thumb sampling rule.” Borland (11) demon-
strated that the determination of sample size of the lot size as
the square root of lot size might create a sense of false security.
Therefore, he recommended not to use this rule for choosing a
sampling plan.

Despite the lack of theoretical support, this rule has been
adopted by many federal regulatory agencies. The recommen-
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The accuracy of the 95% confidence
probability statement for mean was
compared for three distributions for sample
size obtained from the square root of N plus
one rule with the Edgeworth approximation
derived sample size. Results showed that the
sample size obtained from this rule is not
even enough to declare less than 20% of
defectives in a moderate size population
with a high degree of confidence. Therefore,
the author concludes this rule should not be
used to select a sampling plan to infer a
population defective rate.
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● The square root of the number of cartons plus one is taken
to determine the number of cartons to examine. The sample
size is determined by other means. For example, the sample
size (n) is chosen to determine whether at least a proportion
of the population, say 90%, of the items or bags meet a par-
ticular quality standard with a degree of probability, say 95%
or to obtain a sample size from ANSI/ASQC Z1.4 (15) mili-
tary standard sampling plan tables. In this kind of applica-
tion, the rule is used only to obtain a representative sample
from the population.
The focus of this article is to examine the confidence of the

square root of N plus one rule of the first two applications de-
scribed. First, a comparison is made of the confidence of esti-
mating the mean of population characteristic using the un-
founded square root of N plus one rule with that of the sample
size obtained from the Edgeworth expansion for various dis-
tributions. A simulation study was conducted to compare the
precision of the classical confidence intervals on the mean for
both methods. Then, the confidence of using this rule in the
second application is compared with the sampling plan derived

dations for the drug testing also are published by the United
Nations (12), which recommends this rule for composite sam-
pling. Interestingly, forensic chemists also use this rule to select
a random sample out of seized containers to estimate quantity
of illicit drugs processed by defendants for sentencing purposes
(4). Some citations are given, especially in the pharmaceutical
industry, in the context of laboratory testing and are found in
the DPSC standards manual (13) and the FDA Investigations
Operations Manual (IOM) (14).

Several variations of the square root of N plus one rule have
been used, including the following applications:
● The square root of the lot size plus one is taken to determine

the sample size for the number of drums to inspect for cre-
ating a composite sample. One test is performed on the com-
posite sample.

● The square root of the lot size plus one is taken to determine
the number of units to inspect. Each unit is tested individu-
ally. The lot on zero defectives is accepted, or, in the case of
continuous measurements, the lot is accepted if the average
falls within given specifications.
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Table I: Percentage of times the 95% confidence statement would be wrong for a given population size and the sample
size for normal-distribution data by simulation and the Edgeworth approximation (theory).

Edgeworth approximation √N � 1 rule
Percentage Percentage of failing experiments Percentage of failing experiments

Distribution to be faileda N n1 Theory Simulation n2 Theory Simulation
Normal 10% 9 6 9.6 10.8 4 11.9 14.5
�1 � 0, 12 6 9.6 10.4 4 11.9 14.9
�2 � 0 15 6 9.6 10.9 5 10.5 12.1

21 6 9.6 10.5 6 9.6 10.8
27 6 9.6 10.8 6 9.6 10.8
30 6 9.6 10.5 6 9.6 10.6
33 6 9.6 10.9 7 9.0 9.8
36 6 9.6 10.6 7 9.0 9.8
50 6 9.6 10.7 8 8.5 9.1

100 6 9.6 10.6 11 7.5 7.8
200 6 9.6 10.7 15 6.8 7.0
500 6 9.6 10.7 23 6.2 6.3

1000 6 9.6 10.6 33 5.8 5.9
1500 6 9.6 10.7 40 5.7 5.7

Normal 6% 9 9 0 0 4 11.9 14.4
�1 � 0, 12 12 0 0 4 11.9 14.7
�2 � 0 15 15 0 0 5 10.5 12.1

21 21 0 0 6 9.6 10.9
27 27 0 0 6 9.6 10.8

30 28 5.9 5.9 6 9.6 10.9
33 28 5.9 6.1 7 8.9 9.9
36 28 5.9 6.0 7 8.9 9.8
50 28 5.9 5.9 8 8.5 9.0

100 28 5.9 6.1 11 7.5 7.8

200 28 5.9 6.1 15 6.8 6.9
500 28 5.9 6.1 23 6.2 6.3

1000 28 5.9 6.0 33 5.8 5.9
1500 28 5.9 5.9 40 5.7 5.6

aThis percentage rate was used to calculate the sample size from the Edgeworth approximation.
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from hypergeometric distribution with no defective items in
the sample as an acceptance criterion of the lot with certain
confidence.

The Edgeworth expansion 
It is well known that the distribution of sample mean approx-
imately follows a normal distribution when the sample size is
large by the central limit theorem (CLT). One must then de-
termine the sample size for the asymptotic to work. The gen-
eral approach is to use Cochran’s rule (16); that is, the mini-
mum sample size is 25�1

2 for the 95% confidence probability
statement to be correct more than 94% of the time, in which
�1 is the skewness of the underline distribution of what is being
sampled. Sugden et al. (17) improved Cochran’s rule by apply-
ing Edgeworth approximations to the distribution of the sam-
ple mean under simple random sampling using the results pub-
lished in their 1997 article (18). Their results show that 28 extra
sampling units are needed over Cochran’s rule to compensate
for not knowing the variance of the distribution. For example,

if the kurtosis of the distribution is zero and the skewness is �1,
then the smallest sample size is 28 � 25�1

2 to have the 95% con-
fidence probability statement to be correct more than 94% of
the time.

Let X1, X2, ... , XN be the values of a variate X in a finite pop-
ulation of N units, and let X

_
and 

be the mean and finite population variance, respectively. In a
simple random sample of n units drawn without replacement
from this population, let x

_
and s2 be the corresponding sample

quantities. Using the well-known results for the mean and vari-
ance of the sampling distribution of x

_
(16), one defines 

Un �
n

1 � f

(x �X)
s
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(X i �X)

2

N �1
�
i = 1

N

Table II: Percentage of times the 95% confidence statement would be wrong for a given population size and the sample
size for skewed distribution data (Chi squared) by simulation and the Edgeworth approximation (theory).

Edgeworth approximation √N � 1 rule
Percentage Percentage of failing experiments Percentage of failing experiments

Distribution to be faileda N n1 Theory Simulation n2 Theory Simulation
�6 10% 9 8 9.3 9.1 4 18.1 15.9
�1 � 1.15 12 9 10.1 9.1 4 18.4 15.5
�2 � 2 15 10 9.8 9.3 5 15.7 13.6

21 10 10.2 9.8 6 14.0 12.9
27 11 9.8 9.5 6 14.2 13.1
30 11 9.8 9.2 6 14.2 12.6
33 11 9.9 9.2 7 12.8 11.9
36 11 9.9 9.6 7 12.9 12.4
50 11 10.0 9.2 8 11.9 10.9

100 11 10.1 9.7 11 10.1 9.6
200 11 10.2 9.3 15 8.7 8.3
500 11 10.2 9.3 23 9.4 7.3

1000 11 10.2 9.5 33 6.7 6.5
1500 11 10.2 9.4 40 6.4 6.4

�6 6% 9 9 0 0 4 18.1 16.1 

�1 � 1.15 12 11 7.5 7.6 4 18.4 16.3
�2 � 2 15 14 6.6 6.7 5 15.7 14.2

21 20 5.9 5.4 6 14.0 13.0
27 25 5.9 6.0 6 14.2 12.4

30 28 5.8 6.0 6 14.2 12.6
33 30 6.0 6.0 7 12.8 11.7
36 32 6.1 6.0 7 12.9 11.5
50 41 6.0 6.1 8 11.9 10.8

100 51 6.0 6.0 11 10.1 9.5

200 55 6.0 6.0 15 8.7 8.3
500 56 6.0 5.8 23 9.4 7.3

1000 57 6.0 6.0 33 6.7 6.6
1500 57 6.0 5.9 40 6.4 6.3

aThis percentage rate was used to calculate the sample size from the Edgeworth approximation.
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as the studentized mean, in which

is the sampling fraction.
The Edgeworth expansion of the probability distribution of

Un can be written as

in which
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Table III: Percentage of times the 95% confidence statement would be wrong for a given population size and the sample
size for skewed distribution data (exponential) by simulation and the Edgeworth approximation (theory).

Edgeworth approximation √N � 1 rule
Percentage Percentage of failing experiments Percentage of failing experiments

Distribution to be faileda N n1 Theory Simulation n2 Theory Simulation
Exp(0.5) 10% 9 8 10.9 9.3 4 30.5 19.1
�1 � 2 12 11 9.3 8.3 4 31.6 20.2
�2 � 6 15 13 9.4 9.4 5 26.2 18.2

21 16 9.9 8.6 6 22.9 16.6
27 18 9.9 8.6 6 23.4 16.4
30 19 9.8 8.6 6 23.4 16.2
33 19 10.0 8.7 7 20.8 15.1
36 19 10.1 9.0 7 20.9 15.6
50 21 9.9 9.1 8 19.0 14.2

100 22 10.0 9.2 11 15.3 12.4
200 23 9.9 8.9 15 12.7 10.5
500 23 10.0 8.9 23 10.0 8.9

1000 23 10.0 9.1 33 8.5 7.8
1500 23 10.0 9.0 40 7.9 7.5

Exp(0.5) 6% 9 8 10.9 9.9 4 30.5 19.4
�1 � 2 12 11 7.5 8.1 4 31.6 20.5
�2 � 6 15 14 5.6 8.1 5 26.2 17.7

21 19 6.9 7.1 6 22.9 16.3
27 25 5.7 6.6 6 23.4 16.2

30 28 5.3 6.3 6 23.4 16.0
33 30 6.1 6.7 7 20.8 14.8
36 33 5.8 5.9 7 20.9 14.4
50 45 5.9 6.1 8 19.0 14.1

100 78 5.9 5.8 11 15.3 12.0

200 99 6.0 6.0 15 12.7 10.6
500 110 6.0 6.0 23 10.0 9.2

1000 114 6.0 5.9 33 8.5 8.0
1500 115 6.0 6.1 40 7.9 7.6

aThis percentage rate was used to calculate the sample size from the Edgeworth approximation.
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�1 and �2 are the skewness and kurtosis of the distribution,
respectively.

Minimum sample size 
To derive the minimum sample size, the author will first con-
sider Cochran’s original condition and then generalize this con-
dition to (1 � �)100% confidence probability statement on the
average would be wrong not more than (� � 
)100% and 
�0.
That is,

When u = 1.96, � � 0.05, and 
 � 0.01 the above statement
becomes Cochran’s original condition. Using the Edgeworth
expansion above, one obtains the following condition

After some algebra, one obtains the quadratic inequality for
n (17)

An2 � Bn � C � 0
in which

H3(u) � u3 � 3u and H5(u) � u5 � 10u3 � 15u are the Hermite
polynomials used in the derivation of the Edgeworth expansion.

The smallest root of the inequality is
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If the distribution is normal (�1 � �2 � 0), then f � 0 (i.e., n
is very small compared with N), u � 1.96, and 
 � 0.01, and
the above equation gives n � 28. This is the minimum sample
size needed to satisfy Cochran’s condition for normally dis-
tributed data.

A simulation study 
The author simulated 100 samples of size N (N was selected to
represent each of the following sample-size categories: small
[9–30], moderate [30–100], and large [�100]) from each of
three distributions: a normal distribution and two skewed dis-
tributions (a Chi-squared distribution with 6 degrees of free-
dom and an exponential distribution with parameter 0.5). One
thousand bootstrap samples of size n1 and n2 were generated
from the simulated random samples of size N without re-
placement. The sample sizes n1 and n2 correspond to the Edge-
worth approximation and square root of N plus one rule. The
numbers of simulated experiments in which the population av-
eraged outside of �1.96 standard deviation units from the sam-
ple average were counted. The experiment was repeated for the
95% confidence probability statement to be wrong not more
than 6% and 10% of the time. The average percentage of fail-
ing experiments was calculated for each method. Tables I–III
show the results.

Hypergeometric distribution
Define N, p, and n to be the lot size, proportion of defective
items in a lot, and sample size, respectively. The number of de-
fective items in the sample is a random number, and each item
has equal probability, p, of being a defective item. The proba-
bility of the number of defective items, d, in the sample follows
a hypergeometric distribution given by the following function:

max{0,n � N � Np} � d � min{n,Np}

in which Np is the number of defective/nonconforming items
and N(1 � p) is the number of nondefective/conforming items
in the population. The notation

indicates the number of different samples of size n drawn from
a population or lot size N and is given by 

in which n! � n(n � 1)(n � 2) ... 1 (e.g., 4! � 4 � 3 � 2 � 1
� 24).

( n
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Suppose one wants to derive a sample size by the following
testing hypothesis: H0:p��0 versus H1:p��0 in which �0 is the
maximum proportion of defectives that could still be consid-
ered as acceptable. Let � be the Type I error rate (i.e., accepting
a lot when it has more than the maximum acceptable propor-
tion of defectives). The required minimum sample size (n) to
test the above null hypothesis with �100% significant level when
no defective items found in the sample can be obtained solv-
ing the following inequality for n:

Table IV shows the sample size from the hypergeometric dis-
tribution and the acceptance probability of a lot when it is not
at the acceptable quality level (i.e., p��0), Type I error rate,
from the square root of N plus one rule. The acceptance crite-
rion is no defectives found in the sample.

The results shown in Table IV demonstrate that for this sam-
pling plan (accept the lot if no defectives are found) the sam-
ple size is largely unaffected when the population size is large
enough (�2000) for testing the given defective levels in the lot
with a given confidence. For an infinite population, sample sizes
29, 58, and 297 are needed to achieve 95% confidence to de-
clare not more than 10, 5, and 1% defective rates in the popu-
lation, respectively. Obviously, more samples are needed to test
smaller defective rates to achieve the same confidence. The re-
sults also showed a frequent occurrence of Type I error rates
(accepting a lot when it has more than the given maximum rate
of defectives) with the sample size obtained from the square

(N �N� 0 �1)!(N �n)!

N!(N �N� 0 �n � 1)!
� �

root of N plus one rule as a sampling
plan. This sample size is not even suffi-
cient to declare less than 20% of defec-
tives in a moderate population with a
high degree of confidence. Therefore, this
rule should not be used to select a sam-
pling plan to infer a population defective
rate.

Concluding comments 
Using the results of the simulation study
described in this article, one can make
the following conclusions: If the under-
line distribution is normal and the popu-
lation size is greater than 30, then the
sample size obtained from the square
root of N plus one rule guarantees that
at least 90% of the time the 95% confi-
dence interval would cover the popula-
tion mean. If the underline distribution
deviates from normal distribution to a
highly skewed distribution, then the ac-
curacy of the 95% confidence statement
with sample size obtained from the
square root of N plus one rule decreases.
For example, for exponentially distrib-
uted data, the accuracy would be not

more than 88% for a moderate-size population (30–100). The
simulation results also showed that the sample size obtained
from the Edgeworth approximation does not provide good
accuracy for small samples (see the exponential distribution
in Table III).

It also is very interesting to determine whether the popula-
tion is large enough and whether 28 observations would give
94% accuracy of the 95% confidence statement for the mean
to be true for normally distributed data. If the data distribu-
tion was moderately skewed, then a sample size of 57 would
give the same accuracy as normally distributed data. This sam-
ple size is independent of the population size when the popu-
lation size is large enough. Even with 12 data points, the confi-
dence statement would be accurate �90% if the data are normal
or have a moderately skewed distribution.

The results summarized in the last section showed a frequent
occurrence of Type I errors (accepting a lot when it has more
than the given maximum rate of defectives) with the sample
size derived from the square root of N plus one rule as a sam-
pling plan. This sample size is not even sufficient to declare less
than 20% of defective in a moderate-size population with a
high degree of confidence. Therefore, this rule should not be
used to select a sampling plan to infer a population defective
rate.
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Table IV: Sample size from the hypergeometric distribution and the Type I 
error rate for the square root of N plus 1 rule for testing various acceptable
defective levels for a lot. 

Sample size from
hypergeometric distribution Type I error rate for 

Lot size with 5% Type I error ratea √N � 1 rulea

N 10% 5% 1% √N � 1 20% 10% 5% 1%
9 7 8 9 4 14.3 30.0 41.3 52.4

12 9 10 12 4 20.3 38.5 51.2 63.3
15 10 12 14 5 15.4 33.8 48.0 62.5
21 13 16 20 6 13.5 32.9 49.0 66.4
27 15 19 25 6 16.1 37.2 54.4 72.5
30 15 21 27 6 17.0 38.8 56.3 74.7
33 16 22 30 7 12.8 33.7 52.2 72.7
36 17 24 32 7 13.4 34.8 53.6 74.4
50 19 29 43 8 11.5 33.0 53.4 76.9

100 23 39 78 11 6.4 25.8 48.7 79.1
200 26 47 126 15 2.8 17.7 41.4 79.1
500 28 54 196 23 0.4 7.9 28.5 75.3

1000 28 56 238 33 0 2.8 17.3 69.0
1500 28 57 255 40 0 1.8 12.1 64.8
2000 29 57 265 46 0 0.7 9.0 61.2

aThe maximum acceptable proportions of defective columns are 20, 10, 5, and 1%. The 
Type I error rates reported in the table are listed as percentages.
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New regulatory department
The Biotechnology Industry Organization (BIO) has established a
Science and Regulatory Affairs Department with Gillian R.Woollett,
MA, DPhil, as its first vice-president.Woollett was most recently
associate vice-president for Biologics and Biotechnology at
Pharmaceutical Research and Manufacturers of America (PhRMA).

The new department will act as a liaison between the
biotechnology industry and the federal government to help c
reate a responsive regulatory system.

BIO represents more than 1000 biotechnology companies,
academic institutions, and state biotechnology centers worldwide.
For more information, visit www.bio.org.
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